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Abstract. We discuss an example of a triangulated Hopf category related to SL(2). It is an equi- 
variant derived category equipped with multiplication and comultiplication functors and structure 
isomorphisms. We prove some coherence equations for structure isomorphisms. In particular, the 
Hopf category is monoidal. 



1. Introduction 

Crane and Frenkel proposed a notion of a Hopf category [4 . It was motivated by Lusztig's approach 
to quantum groups - his theory of canonical bases. In particular, Lusztig obtains braided deforma- 
tions UgXi^ of universal enveloping algebras f/n+ for some nilpotent Lie algebras n+ together with 
canonical bases of these braided Hopf algebras jSl 13 El- Elements of the canonical basis are iden- 
tified with isomorphism classes of simple perverse sheaves - certain objects of equivariant derived 
categories. They are contained in the subcategory of semisimple complexes. One of the proposals 
of Crane and Frenkel is to study this category rather than its Grothendieck ring UqU^. Conjectural 
properties of this category were collected into a system of axioms of a Hopf category, equipped with 
functors of multiplication and comultiplication, isomorphisms of associativity, coassociativity and 
coherence which satisfy four equations A mathematical framework and some examples were 
provided by Neuchl [T^ . 

Crane and Frenkel jlj gave an example of a Hopf category resembling the semisimple category 
encountered in Lusztig's theory corresponding to one-dimensional Lie algebra n_|_ - nilpotent sub- 
algebra of s[(2). We want to discuss an example of a related notion - triangulated Hopf category - 
the whole equivariant derived category equipped with multiplication and comultiplication functors 
and structure isomorphisms. In particular, it is a monoidal category. New feature of coherence is 
that additive relations of |1] are replaced with distinguished triangles. This new structure does not 
induce a Hopf category structure of Crane and Frenkel on the subcategory of semi-simple complexes. 
The missing component is a consistent choice of splitting of splittable triangles. Verification of some 
of the consistency equations is still an open question. 

To give more details let us first recall some braided Hopf algebra H. As an algebra H is the 
algebra of polynomials of one variable over R = Z[g, More precisely, H C Q(q')[a;] is an 

i?-submodule spanned by the elements 



X 



,n 




n> 



n 



1 - 



-2m 




m=l 




The basis (?/n)n>o is called a canonical basis. 
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Multiplication table in this basis is 

k 



Vk ■ yi 



Vk+h 



k + l 
k 



{k + l),-2\ 



e R. 



Comultiplication by definition is 

yn= ^ Vk® yi- 

k+l=n 

These operations make H into a Z-graded i?-algebra and coalgebra. We equip the category C of 
Z- graded i?- modules with the braiding 

c: M ®rN ^ N ®rM, c = ^Ck,u 

k,l 

k I 

= Ck,i : Mk0Ni^ Ni^Mk, Ck,i = q-''^\ 
I k 

where M = J2k& N = graded _R-modules. Then is a Hopf algebra in a braided 

category C as defined in Using graphical notations 

k I 



k,l 



k,l 



niki : Hk 0R Hi H, 



k+h 



k + l 
k + l 



Ak,i ■ Hk+i Hk 0R Hi. 



k I 



we can write the coherence axiom as an equation 



n+m 



E 



k+l=m 
i+k=p p 
j+l=g 




: H 



n ^R Hm 



Hp ®ij Hq 



(1) 



for all n, m,p,q G Z>o such that n + m = p + q. 

This algebra was obtained by Lusztig[Hj from the following setup: 

'^ni,...,nfc are C-linear categories, depending symmetrically on parameters ni,...,nfc G Z>o, k G 

'^k,i '■ 'Hk^i — > Ti-k+h ^k,i '■ 'Hk+i — > Ti-k^i are C-linear functors of multiplication and comultiplica- 
tion; 

Ck,i '■ 'Hk,! 'Hi,k are braiding functors; 
there are associativity isomorphisms 

rik,l,n ^ rLk,l+n 



itk+l,n ^ itk+l+n 



where the meaning of Kl will be specified further; 
there are similar coassociativity isomorphisms. 



THE TRIANGULATED HOPE CATEGORY n+SL{2) 



3 



The category 'Hni,...,nk is D^GL{ni)x - xGL{nk)^P^^ ^ bounded constructible equivariant derived 
category of a point. It has a distinguished object Yn-^^,,,^nk ^ the constant sheaf, which is the complex 

^O^O^C^O^O^ ... 

concentrated in degree 0. It turns out that the collection is closed under multiplication 

and comultiplication (up to coefficients which are graded vector spaces): 

mk,i{Yk,i) ~ /J-(Gr^+'(C), C) ®c 

The coefficient vector space here is de Rham cohomology of the Grassmannian Gr^^'(C) - manifold 
of /c-dimensional subspaces of a fc + /-dimensional space. Cohomology is concentrated in even degrees 
and the Betti numbers 

A = dime if2^(Gr^+'(c),C) 
are coefficients of the expansion of a g-binomial coefficient in powers of 

'k + l 



k 



-2i 
i>0 



Replacing the degree with the power of q we get the multiplication table for the canonical basis 
{Uk)- Comultiplication law is recovered from 

The braiding functor 

Ck,l = {DGL(k)xGL{l){pt) - DGL{l)xGL{k){pt) DGL{l)xGL{k){pt)) 

is essentially the degree shift by —2kl. It translates into multiplication by g~2fe« f^j, ^j^g braiding in 
algebra setting. 

In the present paper we shall discuss coherence at the category level. If one replaces linear 
mappings in equation (^J) with functors and ^ with © the equation fails: the left and the right 
hand side functors 'Hn,m '^p,q ^^^6, in general, not isomorphic. (Restricted to F„ „t they give, 
however, isomorphic results.) One of the results of the present paper is the following. Value of the 
left hand side functor on an object X of 'Hn,m is a repeated extension of values on X of summands 
in the right hand side in the sense of distinguished triangles. Precise analogy is as follows: a sheaf 
5* on a topological space W is an extension of its quotient-sheaf Sp supported on closed subset F 
by subsheaf Su supported on its open complement U = W — F. 

Technically, this is achieved by introducing new operations-functors with two inputs and two 
outputs 

n \ / m 

■ ^GL{n)xGLim)(P^) ~^ ^GL{p)xGL{q)iP^) ^ 

which depend on a parameter (9 - a Pp^g x P„ „j-invariant subset of GL{n + m), where p + q = n + m, 
the parabolic subgroup Pn,m C GL{n + m) consists of matrices preserving C C""'"'". Minimal 
such subsets O are double cosets - points of the double coset space Pp^q\GL{n + m)/ Pn,m- This is 
a finite set, it is in bijection with the set of quadruples {i,j,k,l), i,j,k,l G Z>o, which satisfy the 
equations i + j = n, k + l = m, i + k=p, j + l = q. Hence, we may index the Pp^g x P„^m-orbits 
with these quadruples, say, Oijki- 
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First, we prove that the left and the right hand sides of are isomorphic to the above mentioned 
operations: 




Since GL{n + m) = Uij^kjOijki, the former functor above is a repeated extension of the latter 
functors via distinguished triangles. 

This shows usefulness of operations with many inputs and outputs for our purposes. They are also 
used to prove an equation for associativity isomorphisms which makes UD'^'^^j^^ (pt) into a monoidal 
category. Similar equation for coassociativity isomorphisms is proven as well. 
Acknowledgements. I am grateful to L. Crane and D. Yetter for fruitful discussions which stim- 
ulated this study. Commutative diagrams in this paper are drawn with the help of a package 
diagrams of Paul Taylor. 



2. Preliminaries 

A definition of equivariant derived categories is given by Bernstein and Lunts 0. First we explain 
basic terms. With a topological space X is associated the category Sh{X) of sheaves of topological 
spaces. Its derived category is denoted D{X). The subcategory consisting of bounded complexes 
of sheaves is denoted D*(A). If A is a complex algebraic variety, we call a sheaf constructible if it 
is constructible with respect to some stratification by algebraic submanifolds and stalks are finite- 
dimensional vector spaces. A complex is cohomologically constructible if its cohomology sheaves 
are constructible. Subcategory of bounded constructible complexes is denoted D^'^{X). 



2.1. Equivariant derived categories 

Assume that a complex linear algebraic group G acts algebraically on a complex algebraic variety 
X. In this setting Bernstein and Lunts ^ define bounded constructible equivariant derived category 
Dq'^{X), as a fiber category. 

A G-variety P is called free if G acts freely on P and the quotient map q : P ^ G\P = P is 
a locally trivial fibration with the fiber G. A G-resolution of a G-variety A is a G-map P — A, 
where the G-variety P is free. 

Let i : J ^ Res(A, G), P ^ {jP : JP ^ A) be a functor to the category of G-resolutions. 
Let T denote the category of complex algebraic varieties. Let us denote $ : Res(A, G) T, 
{R — i> A) f— > i? = G\R quotient functor. Consider the composite functor 

^ : J Res(A, G) T, P ^ (jP : JP ^ X) ^7P, 

and define the fiber- category D'^''^{'^) as follows. 

2.1.1. Definition (Bernstein and Lunts 0). An object of P)'''^(^) is a function M : Res(A, G) 3 
P 1-^ M{P) G D^''^{JP) equipped with isomorphisms : {Ju)*[M[R)) — ^ M{P) given for any 

v : P R E Mor J , such that for any pair of composable morphisms P — ^ R — ^ 5* we have 



J{fiu) M{S) ~ Jiy Jf^ M{S) Ju M{R) M{P) 
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A morphism (p : M N is a collection 0(P) : M{P) N{P), P G ObjT", compatible with for 
any u : P Re Mor J: 



{JuTiMiR)) 
[M\N{R)) 



M{P) 

<t>(P) 
NiP) 



Define equivariant derived category as Dq'^{X) = in the case of identity functor j = id : 

Res(X,G'). 

We shall also use the notation ^ = D^q[X) for equivariant derived category. Notice that, if X is 



G 



G-free, then is equivalent to D '^(G\X). Without freeness assumption the former and the latter 
categories are not equivalent, in general. 

Bernstein and Lunts compute the equivariant derived category in the case when X is a point. 
2.1.2. Theorem (Bernstein and Lunts ,2^ Theorem 12.7.2). Assume that G is a connected linear 
algebraic group. The triangulated category D(f{pt) is equivalent to the derived category of the cat- 
egory of finitely generated differential graded A-niodules, where the graded algebra A = H'{BG, C) 
is equipped with zero differential. 

For G = GL{n, C) the algebra A is the algebra of symmetric polynomials of n variables 



Ar. 



C[xi, . . . ~ C[ei, . . . ,ej. 



where degXj = 2 and cj are elementary symmetric functions. For G = GL{ni, C) x • • ■ x GL{nk, C) 



we have A = A. 



ni 



A. 



2.2. Equivariant derived functors 

2.2.1. The inverse image functor. Suppose that (p : G ^ H is a group homomorphism, and 
/ : X ^ y is a 0-equivariant map. We want to define a functor /* = (/, 0)* : D^jf{Y) D^q{X). 
First, denote J = Res(/, 0) the category, whose objects are 0-maps / : P — > _R of resolutions, that 
is, 




commutes. Morphisms u : f —>■ f are pairs of morphisms of resolutions Vi : P ^ P', 1/2 : R —>■ R' 
such that 



/ 



R 



f 

pi L. 



^2 



R' 



commutes. Use the functor j : Res(/; 0) — >• Res(X, G), j{f : P R) = P and \E' = j^. Bernstein 
and Lunts |2] have shown that the restriction functor Dg''^{X) D''''^(\l') is an equivalence. 
Similarly to Bernstein and Lunts [2^ we define the first version of the inverse image functor: 



/* : D'jfiY) ^ D'^'^i^ : Res(/ 
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f*{M : R ^ M{R) e D^'^iR)) 

^ [f*M -.{P^R)^ T{M{R)) e D''%P)] . 

Next thing is to choose for all (/, (p) an equivalence 

Ff,^ : L>^'^(* : Res(/; 0) ^ T) ^ D'^^X) 

quasi-inverse to the canonical restriction functor 

Canj : D''^'{X) — > : Res(/; (j))^T), 

[P ^ M{P)] I — >[{f : P^ R)^ M{P)]. 

The chosen isomorphisms of the composition with the identity functor are denoted 
rif : [i5^'^(Res(/; 0) ^ T) D'^^X) ^ L'^'^(Res(/; 0) ^ T)] 

^Id, 

: Id ^ [D'^'^iX) ^ D^'^Resif; 0) ^ T) ^ D'^'^{X)] . 
Define the inverse image functor of (/, 0) as 

/* = (/, 0)* : D'/iY) L>^'^(* : Res(/; 0) ^ T) ^ L>^^(X). 

For composable maps 

X^Y^Z^W over G ^ // ^ X ^ L 

we define categories Res(/, g^; 0, ■0) and Res(/, g^, /i; 0, '0, x), whose objects are pairs (/jfif) (resp. 
triples {f,g,h)) of morphisms of resolutions over {f,g) (resp. {f,g,h)) 

p — ^ — >R — ^ — — ^ — 

X ^- >Y >Z >W 

Morphisms are triples P P', R ^ R', S ^ S' (resp. quadruples . . . , Q ^ Q') of morphisms of 
resolutions compatible with {f,g,h) and {f',g',hO- 
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There is an isomorphism t : f*g* ~ (gf)* determined uniquely by the equation 




(2.2.1) 



' 9S,i><t> 



2.2.2. The direct image functor. Let / : X — > F be a 0-map, (p : G ^ H. Assume that X 
is i^-free, where K = Keicf) C G. For our purposes it suffices to define /* : Dq'^{X) — > D^^^{Y) 
as a right adjoint functor to /* : Djf{Y) D(f{X). Furthermore, we shall use it mainly in the 
quotient equivalence situation: H = G/K, (p : G G/K is the canonical projection, X is i^-free, 
Y = K\X, f = TT : X ^ K\X is the canonical projection. 

2.2.3. Quotient equivalence. 

Theorem (Bernstein and Lunts (2^). Let K he a normal subgroup of G, let X be a G-space 
which is free as a K-space. Then the quotient map tt : X ^ K\X gives an equivalence 

vr* : D';f^^{K\X) ^ O'^fiX) 

with a quasi-inverse tt*. 

In this situation we shall make a concrete choice of a right adjoint (and quasi- inverse) functor to 

71, : D'^\X) ^ Dj;;^(i^\X), N ^ TT.iV, 
{7i,N){R K\X) = N{R Xk\x X ^ X) 

e D'^'iGMR Xk\x X)) ~ D'^'{{G/K)\R), 
the equivalence is due to the isomorphism G\{R y<K\x X) ~ {G/ K)\R. 

2.2.4. Induction equivalence. 

Theorem (Bernstein and Lunts 2J). Let H be a subgroup of G, let X be an H-space. Then 
the induction map i : X ^ G X, x ^ {l,x) gives an equivalence 

t* ■.Dg{GxhX)^Dh{X) 

with a quasi-inverse i,. 
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2.2.5. The direct image with proper supports. The following definition belongs to Bernstein 
and Lunts |2]. 

2.2.6. Definition. Let f : X Y he a map of G-varieties. For any resolution n : P ^ Y there is 
a pull-back resolution tt of X. 



^Y 



PxyX 



X 



The functor f, : D''(f{X) D''(f{Y) maps an object M : {R ^ X) ^ M{R ^ X) e D^'^R) to 
the object /iM : (P ^ y) ^^ J^{M{P Xy X X)) G D'''''(P) equipped with an isomorphism 



a^*^ : V*fR,M{R Xy X ^ X) fp,V*M{R Xy X ^ X) 



fp<.< 



fp,M{P XyX-^X) 



for V : P ^ R. Here /3 is a base change isomorphism obtained from the top square of the following 
prism. 




Required property of a follows from Lemma fB. 2. II (see Appendix). 



2.2.7. The equivariant base change isomorphism. Let the pull-back square 



W 



J 



X 



z 



Y 
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consist of equi variant maps: /i is a G-map, / is an if-map and e, g are 0-maps, where 
is a group homomorphism. There is a commutative cube 



PxzW 



RxyX 




where the left and the right walls and the bottom are pull-back squares. It follows that the top is 
also a pull-back square. We define a version of direct image functor with proper support: 

h : D^'"(Res e ^ T) ^ ^''■"(Res g^T), N ^ hN, 



where A^(e) G D^''^{P Xz W). Notice that the functor h\ depends on / as well, which is not reflected 
in notation. 

The base change isomorphism 



^''■^(Rese^r) 



^''•"(Res g^T) 




comes from the standard one for quotient spaces. The collection 

{g*m){g) = rUM){R ^ Y)] = rl[M{R XyX^ X)] e D'^^P) 
is isomorphic to the collection 

{he*M){g) = ^,[(e*M)(e)] = ^{tlMiR Xy X ^ X)] e D^'''(P) 

via base change isomorphism /3 : g*f^ — > h{e*. 

Finally, we define a full form of base change isomorphism as the following diagram suggests: 

■\b,ci 



^ rj D^'%Res e ^ T) 



h 

\b,c 



Cane 
Cano 




Namely, a full base change isomorphism is: 

■ 9fnnfi = Fg^^g*ff Fg,4>h\e* — Fg^^h CaUg Ff^^e" 



h\Ff^^e* = h\el 



ull- 
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3. The Hopf category n+SL{2) 

3.1. Setup and notations 

We partially follow Lusztig [Tj and |H], Chapter 9 in notations. Let be a vector space and 

G = Gv = GL{V). 

Let us make the product of Dcipt) over varying dimV^ into a sort of a graded Hopf category. 
Assume we are given a decomposition 

V : (S-'-fSV" = V 

into vector subspaces. Associate with it a filtration of V 

= ^ ^(1) CZ---C = V, r^"^) = © . . . © y™. 

Pv is the corresponding parabolic group 

Py = {geGv\ Vm giV^""^) C V^""^} = {(? G Gy | Vm C V^""^} 

and [/y is its unipotent radical. The group 

k 

Lv = {geGv\ Vm C r™} = JJ Gy™ 

771=1 

is a Levi subgroup of Py 

Notice that Py, f/v need only a filtration to be defined unlike Ly, which requires a direct sum 
decomposition. 

3.2. Suggestions for a monoidal 2-category 

To provide a final framework for Hopf categories one would be interested to have a symmetric 
monoidal 2-category of equivariant derived categories. Tensor product of categories would be similar 
to that of abelian k-linear categories introduced by Deligne 5j. In particular, Dq'^{X) K1 D^jf{Y) ~ 
Dq'i^jj{X X Y) is desirable. However, this wish does not look realistic. To achieve it, possibly, one 
has to replace equivariant derived categories with some other kind of categories, so that inverse 
image functors and direct image functors make sense, and the usual relations still hold. 

Let us consider a question of tensor product of functors. Let f : X ^ Y , g : Z ^ W he maps 
of algebraic varieties. Denote by /*, g*, f\, g\ the corresponding equivariant derived functors. It is 
explained in jU] that one choice for /* M g* is as good as another as long as they are isomorphic. If 
in the isomorphism class of /* IE g* there is a functor {f x g)*, we can modify the definition of Kl 
and set f*^g* = {fxg)*. If /i Kl g\ is isomorphic to {f x g)\, we can set g\ = {fx g)\. The 
isomorphism 

(Id Mg*) o (/, M Id) ~ (/, M Id) o (Id Mg*) 

can be chosen as the base change isomorphism {3 : {Y x g)*{f x W)\ — > {f x Z)\{X x g)*, constructed 
for the pull-back square 

X X Z ^^X X W 



fxZ 



J 



fxW 



Y X Z ^^Y X W 

We stress again that Kl is far from being constructed. Nevertheless, we prove some statements, 
which can be interpreted as axioms of a Hopf category. 
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3.3. Braiding 

Pretending that the categories Dca-^x-'-xGa^. {P^) form a monoidal 2-category, where are some vector 
spaces, we define a braiding in it via functor 

c : xn G,^ (pt) Dn xn g,^ (pt) d^i g,^ xn (pt) , 

where d = dime cij)(X]j dim^ 6j) and a is a permutation isomorphism of groups. The shift 
functor K i— > K[—2d] (the i?-matrix) is related to other functors that we are using via the following 
lemma. 

3.3.1. Lemma. Let h : E ^ B be an afEne linear C°°-bundle. Then there is a (canonical in B) 
isomorphism of functors 

Proof. Using Propositions 10.1 and 10.8(2) from ^ we find for any K G D'^''^{B) 

hih*K ^ hih*{C (g)K)^ h{h*C ® h*K) ^ {hih*C) ® K. 

Thus we have to prove that h\h*CB — h\CE is isomorphic to C[— 2(i] for d = dime h. 

Choose a flat connection V on the bundle h. By definition this is a C°°(i?)-linear homomorphism 
of Lie algebras of vector fields 

V : Vect(5) ^ Vect(E), ^ ^ Vg, 

such that for each point e G -E we have T/i(Vgg) = C,h{e), where Th : TgE Th(^e)B is the tangent 
map to h. The fields (the horizontal vector fields) form a 26-dimensional (over M) distribution 
in E, where b = dime B. This distribution is involutive, therefore, by Frobenius theorem, locally 
there exist coordinates {zi,Uj), i = 1,2b, j = l,2d in E in which leaves of the obtained foliation 
are described by equations ui = const, . . . , U2d = const. Moreover, Zi can be chosen as Zi = Xi o k, 
where local coordinates on the base B. 

The sheaf of differential graded algebras of fibrewise forms is defined as a subsheaf of C°° 
differential forms on E 

n'^{U) = {uj e n-j^iU) I G Vect(5) ^v^^ = O and i^^dcu = 0}. 

The second condition may be replaced with L^^u = 0, since Lie derivative can be computed as 
Lv^o; = di^^uj + isj^du. Therefore, in local coordinates forms uj G VL^iU) are written as f{u)du^. 
Absence of dzi is implied by the first condition, and the Lie derivative condition implies independence 
of the coefficients on Zi coordinates. We conclude that the complex f2y is a c-soft on fibers of h 
resolution of the constant sheaf C^;. Hence, it can be used to compute the complex HiCe- 

Let V be an open subset of B. Then hiCEiV) is a complex of vector spaces fl^ ^^{h~^ (V)) , 
where c indicates such forms u that h~^{K) fl supptu is compact for each compact subset K of B. 
This complex is exact everywhere except the maximal degree 2d. It has a map into the algebra of 
functions on V 

a{V):Ql'^,{h-\V))~^C^{V), u^iv^ [ u), 

Jh-^{v) 

given by fibrewise integration. Local presentation of uj implies that the function a{y){uj) is locally 
constant, hence, is in 'CsiV). The obtained chain map a : /iiC^; Cb[— 2(i] is a quasi-isomorphism. 

□ 

Another (complex analytic) construction of a will be published elsewhere. It follows the lines 
of [in], where the case of quasicompact schemes over Fp and £-adic sheaves is considered. In the 



12 VOLODYMYR LYUBASHENKO 

analytic setting one can also prove that for any pull-back square 




E 

where h is an affine linear bundle (and so is j), we have an equation 

D^^\E) D^^\E) 






D'^\B) D^'\F) D'^^B) 




aA 




D^^\B) 



r 



CUB 




D^'^B) 



-2d] 



[-2d] ^ ^ ^ ' [-2d\ 

This is the precise meaning of canonicity of isomorphism a. 

3.3.2. CoroUciry. Let h : E ^ B be an affine linear G-bundle (an affine linear bundle equipped 
with a group homomorphism G Autaf.jii,.bun.(^) )■ Then there is an isomorphism of functors 



-2 dime h 



Proof. The system of isomorphisms a in D^''^[P) for G- resolutions P ^ X is coherent due to 
canonicity of a. □ 



3.4. Operations 

Let two decompositions of V into a direct sum be given: 

V: ®---®V^ = V (3.4.1) 

W : ®---®W^ ^V. (3.4.2) 

Let C C G be a left Pyv-invariant and right Pv-invariant subset. We associate with it an operation 

yl y1 yk yl y2 yk 



^y\; — 




The components of it are defined below. 
Notations. In graphical notations a straight line 




X labeled by a vector space X denotes category 



Dcxipi)- A dashed line \ X labeled by a filtration A* of a vector space X denotes category Dp^{pt). 

I 

If a horizontal line crosses a diagram intersecting transversally with several (solid or dashed) open 
intervals labeled by spaces Yi, Y2,. . . and filtrations Xi, X2 of spaces Xi, X2,. . . , this line represents 



the category Dq 



i...{pt). The order of factors repeats the order of intersection 



points on the horizontal line. 

A vertex (or a horizontal row of vertices) represents a functor from the category, corresponding 
to horizontal line just above the vertex, to the category represented by a line just below the vertex. 




THE TRIANGULATED HOPE CATEGORY n+SL{2) 13 

3.4.1. The multiplication. Multiplication operation is 

yl y2 yk 

Here the scheme of multiplication is similar to that in |Hj: 

pt O/Uv O/Pv pt, (3.4.3) 

where vr is a canonical projection. The action of Ly = Py/Uy in O/Uy is induced from the action 
p.o = op~^, p G Py 

In particular, for / = 1 we have Pvv = Gy, O = Gy and the multiplication operation is 



yi y 




^ DGy{Gv/Pv) ^ DcApt) 
Here the scheme of multiplication is precisely that of Lusztig 0: 



pt ^-i— Gv/Uv > Gv/Pv > pt. 

The particular case k = 1, O = Gy is also important. We have then = Py = Gy, U\> = 1, 
and 

= {Dcipt) Dp^^ciG) Dp^ipt)), 

where di : G ^ pt. 

3.4.2. Proposition. The functor \E'j^ is isomorphic to the restriction functor Resp^^^c • Ddpt) 

Dpy^ipt). 

Proof. A map di is the map G > pt. Hence, di^ : Dp^^ciG) Dp^{pt) is an equivalence with 

a quasi-inverse dl : Dp^{pt) Dp^y^dG). 

The map sq '. pt ^ G, so(pt) = 1, is a A-map with respect to the homomorphism of groups 

A : Pw Pw X G, A{p) = {p,p). Furthermore, Sq is an induction map pt y{PxG)/P ^^G, 

where i{pt) = (1, 1), p{p,g) = pg~^ and p is a P x G-map. Therefore, Sq : Dp^xg{G) Dp^{j>t) 

is an induction equivalence. Since {pt ^° > G > pt) = id, we have 

{Dp^{pt) Dp^^ciG) Dp^ipt)) ^ Id. 
Therefore, Sq ~ du. Hence, 

~ (Dcipt) Dp^^ciG) Dp^ipt)) ~ Resp^,G, 

for {pt ^° > G > pt^ = id and Pw — Pyv x G —L^ G is an inclusion. □ 

3.5. Associativity 

Assume that besides decomposition ()3.4.ip of V into direct sum of we have also decompositions 



■m=l 



We can produce out of these the decomposition 



U: V = ®;,mVl, 
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pt ^ pt 

n ^v* Lu 



Pvv X Lu 



Pw X Lx 



P^xv. 

O/Uy 

Pyv X L\ 



p 









Try, 



. O/Pv 



p 









pt 
Pyv 



Figure 1. Associativity isomorphism 



where the lexicographic order of summands is used , ... V^, ... ,V^^2, • • • , • • • yj^i- 
An associativity isomorphism is obtained from the isomorphism 





u 



This isomorphism can be read from the diagram in Figure ^ 

The action of Pvv x Ly in X = O/t/y x Hi Gy^/Py^ is the following 

The map vr'" is the quotient map 

tt'" : X Lv\X ~ C/Pi^. 
The action of Pw x Ly x Lj^ in y = O/f/y x Hj^vV^V' is the following 

(p,/J).[o X JJ^,] =po/~^ X JJ/,^Jri, / = JJ/i, r= JjTi 

The maps tt', tt" are the quotient maps 

tt' : r ^ Ly\F ~ C/f/^^, Tx" -.Y ^ Lu\Y ~ X. 
The canonical projection (3 comes from the inclusion Pu C Py, 

/? : O/Pi, ^ O/Py. 
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3.6. The associativity equation 



Assume that we have the following decompositions of finite-dimensional C-vector spaces: 

W. V = ®,W^, V: V = ®iV\ 



These decompositions imply also the following decompositions: 



Let O C Gy be a left Pw-invariant and right Py-invariant subset. Associativity isomorphisms give 
two isomorphisms between the composite operation and the single operation as in diagram 



3.6.1. Proposition (Associativity equation). Diagram ()3.6.H) is commutative. 

Proof. The left-lower associativity composition is given on diagram in Figure El The right-upper 
associativity composition is given on diagram in Figure El We have to check that isomorphism in 
this figure equals to the one in Figure |21 

The subdiagram of diagram in FigurejHlbetween the third and the forth columns is transformed via 
Proposition lB.2.2l to a 3-column subdiagram. The right part of it coincides with the right subdiagram 
in Figure |21 between the third and the fourth columns and can be canceled. The left subdiagram 
of Figure |21 between the first and the third columns is also transformed via Proposition IB. 2. 21 We 
come to equation between the isomorphisms in Figures |31 and O 

Figure m can be transformed further using Proposition IB.2.2l to the form of Figure We have to 
prove that it equals to isomorphism in Figure 

Two lower squares and two rightmost squares in diagrams in Figure (HI and Figure El cancel and we 
have to prove the following equation. We have to show that the isomorphism in Figure [71 is equal 
to the isomorphism in Figure |H1 

Using Proposition IB . 1 . 11 we reduce both isomorphisms to the expressions in FigurejHland Figure ITUl 

The two upper triangles in Figure El and Figure ITUl coincide. Due to Proposition IB. 1. D the lower 
parts are equal to isomorphisms in Figure ^2 

Finally, the last two isomorphisms are equal to each other due again to Proposition IB. 1.11 □ 

3.7. Comultiplication 

The comultiplication functor is 




assoc 



assoc 



(3.6.1) 
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PL 



O/Ux 
PvvxLx 



77x 



O/Px 



"AT! 



n- 



UGy^/P^i pr* O/C/wxnC^i /Pi 




PwxLvxLu 



n Gyi XLyi 



pr* 



UK ^ UGy,/Py 



ay\ 




YlGyi 



PyvLv 



pt 



Figure 2. First composition of associativity isomorphisms 




OIPx 

PyV 



pt 

^ Pw 



ay\ 



O/Py 
Pw 



TTv* 



O/UyxYlGyi/Pyi pri! ci/j7v 



WGy.iUyi pr* nc^i/c^v^xnG^i /c^vX:^ 
n G^^i xL j 



n G'^^^ X j X j X 



PyvX-Lv 



PyvX-Lv 




FlGURE 3. Second composition of associativity isomorphisms 
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Figure 4. First isomorphism 



Together with multiphcation definition of Section 13.4.11 it gives general operation (in the set-up of 

(EUD-dUl) 

yl y2 yk 




Dp^{0/Pv) Dp^ipt) D.^ipt) 



In the particular case = 1 we have O = Ly = -Py = Gv, = 1, and the comultiplication 
operation is isomorphic to 




{DaApt)^y^Dp^{pt) 



w 
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Figure 5. Second isomorphism 

by Proposition 13.4.21 

3.8. The coassociativity isomorphism 

Assume that besides decomposition ()3.4.2p of V into direct sum of we have also decompositions 

: = (B'::!=,Wi. 

We can produce out of these the decomposition 

W : V = (B,,mWi, 

where the lexicographic order of summands is used W^, . . . ,W^i, W^, . . . ,W^2, ■ ■ ■ ,Wl, . . . ^W^^i. 
Coassociativity isomorphism coass :iti^ o/l^>v ~^ between functors 
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no 



Py\)XLvxLu 

rifn--/' v'^^nf-^r' /'V' 



Figure 7. Part of the first isomorpliism 



PyvxLv 



YlGyi 




•TAT* 



PwxLx 



n ^v- , /^vf„. n /[/vi X n G 



n ^T/« ^^v« 




Pr2 



Figure 8. Part of the second isomorphism 
3.9. The coassociativity equation 

Assume that we have the following decompositions of finite-dimensional C-vector spaces: 
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O/Ux 
PwxLx 



4,* O/UvxUGyi/U^ixUGyi /U^i 



PyyXLyXLuXLx 




O/Px 



0/UvxUG^i/U^,xUGyi_/P^i^ O/UyxYlG yi/Pyi 




Py^xL^xLu 



PwxLx 



pr^ , Y[Gyi/U^,xY[Gyi/P^i <" YiGy^/P^ 



n Gyi XL^j 



Figure 9. First simplified isomorphism 




n Gyi XL. 



'm "m 



IT TT* 
11 "m* 



O/Ux 

PyvXLx 



0/UvxYlGyi/U.^ixYlGyi /U. 



PyvxLvxLuxLx 





0/UvXUGy,/Pyi 

PwxLv 



^^vA./^vL P'-2 , llGyi/U^^xYlGyi^/P^i^ n'J' ^ UGyi/Pyi 

HGyi IlGyiXL^i HGyi 



Figure 10. Second simpfified isomorphism 



These decompositions imply also the following decompositions: 



U:V^ ®j,^Wi, y-.W^^ ®m,pWi^„ X:V^ ®i,m,,W^m,r 



Let O C Gy be a left Pw-invariant and right Py-invariant subset. Coassociativity isomorphisms 
give two isomorphisms between the composite operation and the single operation as in the diagram 



pt 




3 

CI 



B' 

55 



O 



O 
i-i 

go' 




no 



n ^yi I A;* 



O/C/vxn G^i/C/^i xn G^i lU^i 

PiVXLyXLuXLx 




O/Uy xn gyi /t^yi X n Gy^ /Py 
PvvxLvX-Lw 



Ota's 



Pl2 




nG^i/t/yixnGy^/p^ 

n Gyi XL^i 



O/Uv xUGyi/U^ixYlG^i /U i 
PwxLvxLuxLx 



O/Px 

Pyv 



Pyv X Lv 



PI-2 

UGyi/Pyi 



n Gyi /u^i xn G^^ /[/^^ 




nc. 



Pw 



pr2 



O/t/yXn G^,,/t/y, xn GyJPyi^ TT* O/t/yXn Gy,/Py, 




PwXLyXLw 



Py^xLy 



Pr2 



nG^i/c/^ixnG,H^ /p^. 



nc 



n <3^v< ^^yi 



n Gyi/Pyi 

YiGyi 



< 
o 
f 
o 

pi 

d 
td 

> 

in 
M 
H 

:2 
o 



CO 
CO 
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3.9.1. Proposition (The coassociativity equation). Diagram (jH.^.lj) is commutative. 

Proof. Tlie graphically expressed equation means equality of the following two isomorphisms 

pt 0* ^ O/Uy ^* ^ O/Py "! ^ pt ^^w.-Pyy ^ pi 

Ly Py^jXLy Pyy; Pyv . - Lyv 



23 



pt 0* O/Uy 

Ly -PmxLv 



O/Py p^ 



-Pxy.Ly,Pi^XLy \-Px,Pu 



pt_ 'P* ^ O/Uy 

Ly PxXLy 




^* O/Py "! pt '-X'Px ^ pt 

' Px ' Px ' Lx 



PL 

Ly 



'A* ^ O/Uy ^ 0/Py Q! ^ pt 'j-w^-Pyy ^ pt 

Py^xLy Py^ Pyy 



'P^t-XLy.PyyXLy 



<P* O/Uy TT, 0/Py Q! pt Lx,Px pt 

Ly Px^Ly Px Px Lx 



pt 




Four triangular prisms, which follow from Proposition IB. 1.11 and Proposition IB. 2. 21 imply that the 
above isomorphisms are equal. □ 



3.10. The coherence isomorphism 

Assume given a vector space decomposition 

V — W„i=l '^r=l ■ 

We shall denote it y if the summands are ordered as follows 



vlvl...X.vlvl...,v;',. 

The same decomposition with order of summands 

yl y2 yk yl y2 yk 

will be denoted X. We also have decompositions 



^1 , V2 , . . . , Vi 



yl y2 yk 



which produce filtrations V^^ of V^, V^"^'^ of V, V} of Wr and W(r) of V. We associate with these 
filtrations parabolic groups P\;m c Gym, Py c Gy, Pw,- C Gw,. and Pvv C Gvv- 
Notations. Let A, B be vector spaces. We denote the braiding functor as 

= {DG^xGpivi) ^ DcAxCpipt) ^ DcgxCAipt)), 

where a is the permutation isomorphism of groups and modules and the functor r is the shift 
r(L) = L[-2dimAdimP]. 
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We claim that for any collection of indices and for any collection of bi-invariant locally closed 
subsets {0[, . . . ,0'f^,0'{, . . . ,0'/), which may occur in the following diagram, there exists a bi- 
invariant locally closed subset O and a coherence isomorphism 



o' 



o'{ 




Coher 




explicitly described below. Here cr^^; = {.^k,i)% is the braid, corresponding to the permutation ^ of 
the set {1, 2, ... , M}, 



+ t + n/) = 1 + n + iA; for < i < Z, < n< A;, 



(3.10.1) 



under the standard splitting 5*^/ B^i, which maps the elementary transpositions to the generators 
of the braid group. The subset O is computed as follows. 
Bi-invariance of initial parametrising subsets means that 

Gym. D O'^ e PyZ" -sets- Pym , 

where is the incoming filtration of V^, and Zr is the outgoing filtration of Wr- The subsets 

Pv 3 = t/v • n = n • e Pvr -sets- Py, 

m m 

PvDO = Uyv llO'; = l[ O'; -Uy^ePz -sets- Py- 



are locally closed. The subset 



dcf 



Gv^O = 0-Oe Pz -sets- Py, O = OPu Xp^O = Xp^nPv 

is also locally closed. Indeed, OxOis locally closed in Pyv x Pv: hence, O Xpy^nPv ^ is locally 
closed in Pw X p^nPy Pv — Pw • Pv- The subspace C = Py^ ■ Py of Gy is locally closed, since it is 
an orbit of Pyy x Py in Gy, and the number of such orbits is finite. Indeed, G is embedded in its 
closure as 

G^C- [j{0^ I 0„ C C is an orbit of Pyy x Py, Oa ^ G} 

due to dimension considerations. 

Both associativity isomorphism and coassociativity isomorphism are particular cases of the general 
coherence isomorphism. 

In the particular case, when the upper row of operations consists of comultiplications (operations 
with single input), and the lower row of operations consists of multiplications (operations with single 
output), we have necessarily O'^ = Gym and O'^ = Gwr- In such cases we omit the parametrising 
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set, since it is unique. Graphical notation here is the following: 




Coher 



Wi W2 



By general formulas wc find here O = Py, = Pvv; hence, O = PvPyv- 
The general coherence isomorphism is built as the composition 



Coher : 




^ \y 
111 life K 




coher 



^ 2i i Zi : 

A\ /K /K 



yk 




Wl 



O' 




o 




The three components of the coherence isomorphism are defined next. 

Vt r nO'rr, ^, nO'JPym a,. pt 



O TT* OPu X O TT. OPu X O/Py ixa, OPi 



u 



Pz xPy PzxPuX Py 



PzxPu 



PzxPu 



O/Py A OPu/Pu 



PzXPy 



assoc 



'5-/ 



Pz 



coass : 



pt t* 
^P^~ 



pt 



HrPZr 



i* pt \ ~ / pt pt \ 

TT ' ' TT 
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Figure 12. Coherence isomorphism coher 



Coherence isomorphism in Figure IT^ is composed of several isomorphisms. Isomorphism (1) exists 
by Proposition lA. 1 . 21 Isomorphism (2) follows from the fact that is an equivalence. 

Isomorphism T~^^ p\p* marked by (3) is obtained from a sequence of affine linear H-^Wr" 
bundles 

f/w/(f/w n Pv) — > . . . — > f/w/[f/S^'Vw n Pv)] 

> Uy,/\U^^\Uy, n Pv)] > . . . > Pt, 

where U = f/(^) D f/^^) D ■ ■ ■ D t/^"*) = 1 is the lower central series of U. The group Y[ PyVr acts 
by conjugation. Pull-back of this sequence along Y\0''. x Pwrl Yl^Zr ^ -^Wr ~^ pt \ 11 -^w,. gives a 
sequence of affine linear Y[ Pz,- ^ Pw^-bundles 

H o: X f/w/(f/w n Pv) — > . . . — >llo':x f/w/[f/S+' n Pv)] 

n ^ f^w/[t/svw n Pv)] ^ . . . ^ n ^r- 
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Multiplication map Yl ^ ^ O is an isomorphism of Y[ Pzr ^ -Pwr'Spaces, hence, we may replace 
the first space with the other one. The composition of the above maps equals p : 0/{Uy^ fl P\>) 
Ylj. O". The type (3) isomorphism for p is a composition of isomorphisms, constructed for each 
affine bundle of the sequence in Corollary 13. 3 .21 

Isomorphism (4) is obtained from a commutative square of equivariant maps. Isomorphism (6) 
is a base change isomorphism. Isomorphism (5) is obtained from a base change isomorphism by 
inverting q* and n* and replacing them with their quasi- inverses and vr*. 

We use the facts 

f/w = 1 + (Bm,n;r>s Hom(K"^, V^), 
f/^ n Pv = 1 + ®m>n;r>s Hom(V;"^, V^"), 
f/w/(t/w n Pv) - ©™<n;r>. Hom(K™, K"), 

The dimension of fiber bundle p 

A = dime f/w/ (t/w n Pv) = Yl ^™ ■ dim 

m<n;r>s 

multiplied by —2 equals to the total shift, obtained from all braidings in the source functor of 
coherence isomorphism Coher. 

3.11. Distinguished triangles 

Consider left Pw-invariant and right Py-invariant subsets P C F C Gy, such that F is closed in Y. 
Denote S = Y — F and consider inclusions 

F/Uv ^ Y/Uv S/Uv, 

F/Pv Y/Pv ^ S/Pv. 



, TT", a- maps (j3l3|l for O = X e {Y,F,S}. Let K G DL^{pt), Ku 



Denote 

DpyvxLvO^/Uv), Kp = ttJ Ku G Dpy^(Y/ Py) (see the middle row in the following diagram). 
DlM) ^ Dp^^L^S/Uv) ^ Dp^iS/Pv) ^ Dp^ipt) 



K e 



3u 



3p 



DlM) ^ Dp^^lAY/Uv) ^ Dp^iY/Pv 



DlM) ^ Dp^^L,{F/Uv) ^ Dp^{F/Pv 



Dpy,{pt) 



Applying a( to a standard triangle for Kp we get a distinguished triangle 

Oi\ jp\j*pKp aT Kp aTip\i*pKp — > 
The above diagram shows that it is isomorphic to certain following sequences: 

S S ■* Y Y F F ■* 

S^SiS*T^ , „Y „Y mY* , „F„FaF*) 



This is the triangle 
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from which the structure triangle 



(3.11.1: 



is obtained by apphcation of the exact functor ftlw. 

This triangle replaces non-existing isomorphism K ~ X^K © X^^K (this would be too 
much to ask for). 

3.11.1. Proposition. For any pair of closed embeddings F G Z G Y set S = Y — F,Q = Z — F, 
R = Y — Z . The following diagram made with distinguished triangles p.ll.lj) is an octahedron. 




f,YF ^QR 




That is, the four triangles marked "=" commute, as well as two squares 

bZF ^ ^ „SY 



X' 



TT 



X' 



V 



f,SQ 



The proof follows from Corollary IC. 2. 21 



^X^ 



Appendix A. Technical results 

A.l. An equivalence of equivariant derived categories 

Let P be a linear complex algebraic group, let U, L be its subgroups such that U is normal in P 
and the manifold U is an affine space. Assume that P is a semidirect product of U and L, that is, 

the multiplication map ■ : ?7 x L — > P is an isomorphism of manifolds. Denote hj l : L ^ P and 

K : P > L the natural inclusion and projection. Let F be a P-variety, let E be an L-variety, let 

i : E —>■ Y he a. i-map and let p : Y E he a ft-map identifying E with the quotient U\Y such 
that p o i = idE- Consider 

W 



P E = (P X E)/L, {p, e).l = {pi, l-'e). 

The variety 1^ is a P-variety via left translations on P. As a P-variety W is isomorphic to U x E, 
where P acts by 

(u, l).{v, e) = (u ■ {lvl~^), l.e). 
There is a surjective map of P-varieties 

Ti -.W '2^U x E ^Y, (m, e) I— > u.i{e). 

Assume furthermore that vr is a locally trivial fibration with affine fibers. Then tt : W Y is 
cxD-acyclic in the sense of ||2j. 

A. 1.1. Lemma. In the above assumptions the functor tt* : Dp{Y) —>■ Dp{W) is fully faithful. 
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Proof. Choose an interval / = [a, 6] C Z and a number m > Let M = Mm be an m-acyclic free 

P-manifold. Then R = MxW ^-^ W is a m-acychc P-resolution of W and r : R > W ^ Y 

is such of Y. We know that 

TT* : D\Y) D\W) 

is full and faithful, see Proposition 1.9.2 of 0. Therefore, functor from Section 2.1.6 of [2] 

TT* : i?) ^ P'p(W, R), (A.1.1) 

7r*(Fy,F,/3 : r*Fy q*F) 

= (7r*Fy, F, 7 : pr* 7r*Fy ~ r*Fy — ^ Q'*-^)? 

is also full and faithful, where q : R ^ R, r : R > — ^ Y. Indeed, a morphism of Dp{Y, R) 
is a pair {ay '■ Fy Hy^a : F — > ff), which makes commutative the right square in the following 
diagram 

pr* Ti*Fy ^-^ r*Fy > q*F 

pr* IT* ay 

pr* n*Hy r*Hy — > q*H 

The morphism {ay, a) is sent by tt* to a morphism (7r*ay,a). This shows faithfulness of func- 
tor ()A.1.1|) . This functor is also full because any morphism {iT*Fy, F, 0) — ^ {TT*Hy, H, 7]) has to be 
of the form (7r*ay,a) for some ay. The commutativity of the exterior of diagram ()A.1.2|) implies 
that the pair (ay, a) is a morphism. 

Assign D^p{Y) = D^p{Y,R), D^p{W) = D^p{W,R) and vary i? = x ly, increasing m. Since 
D^p{Y) (resp. D''p{W)) is a colimit of a system of fully faithful functors D^Y) D^p{Y), J C I, 
(by Definition 2.2.4 of [2 ), we see that the colimits are also fully and faithfully embedded. □ 

A. 1.2. Proposition. The functors 

TT* -.D'/iY) ^ D'/{W), 
p* -.DYiE) ^ Df{Y), 
z* -.DfiY) Df{E) 
are equivalences, and the last two are quasi-inverse to each other. 

Proof. Notice that ~ [/ x is a free [/-variety. Denote by : P > L = P/U the canonical 

projection. The 0-map s : W > Y E is the projection W U\W = E. 

Therefore, the functor s* : D^^E) D'jfiW) is an equivalence by Theorem 2.6.2 of f?. It 
decomposes as 

s* = {D'^'iE) DfiY) D'/{W)). 

We conclude that tt* is essentially surjective on objects, hence, an equivalence by Lemma IA.1.11 
Therefore, p* is also an equivalence. Since 

{d''£'{E) ^ D^^\Y) ^ dY{E)) - Id 
i* is a quasi-inverse of p* (and also an equivalence). □ 



r ay 



q a 



(A.1.2) 
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Appendix B. Properties of standard isomorphisms 
B.l. Inverse image isomorphisms 

B.1.1. Proposition. Isomorphisms l from ()2.2.H) satisfy the cocycle condition: 




{hgfr 



h* 




(hgfr 



D%\Y) 



r 



(B.1.1) 



Proof. Compose this equation with the functor 

D's\X)^D''%Res{f,g,h)^T) 

and substitute the definition of l. Its interpretation might be the following: l and i are gauge 
equivalent via gauge transformation rj. The required equation reduces to equality of the following 
two isomorphisms: 

D'''\Res{h) T) D'''%Res{g, h) T) 



D'^^{Res{hgf) ^ T) D''''=(Res(/, hg) T) 




''h,g 



r 



D^'^iResihg) ^ T) = D''^{Res{f, g, h) ^ T) 



r 




Res(/i) ^ T) D^'%Res{g, h) T) 




r 



{gf,h)^T)^D''^{Res{f,g,h)-.T) 



D''''^{Res{hgf) ^ T) D'^\Res{f, hg) ^ T) 



This equation follows from (jB.l.lj) for D''''^{T), T & T, which in turn follows from the same equation 
for D^{T) and, in turn, for the category of sheaves. □ 



B.2. Properties of base change isomorphisms 

B.2.1. Lemma. Whenever squares 1 and 2 below are pull-back squares of algebraic varieties 




(B.2.1) 
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the following equation holds 
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iy*{Rg^.)X* ^ {Rfi)K*X* 

{RmxKy 



/3 



(B.2.2) 



The statement can be reformulated as an equation 



Rf< 



Rh, 



D''''{V) 



D'''{X) 



Rf< 

■)b,c 



D''%U) Rg,. 



Rh, 



Proof. First we prove analogous to ()B.2.2|) equation for sheaves. We use the definition of the base 
change isomorphism of sheaves, corresponding to the pull-back square 




It is defined as the composition 



P : k*l\ > k*he^e* ^ > k*k^h\e* > hie* 



or as 
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where e and rj are adjunction maps. Equation ()B.2.2|1 for sheaves which we want to prove becomes 
an equation between the following two isomorphisms 




Sh{V) 



Sh{W) 



(B.2.3) 



Sh{X) 



(Xk)* 



Sh{Z) 



Sh{X) 




Sh{U) ^= Sh{Y) 



Sh{U) 





Sh{Z) 



Sh{V) > Sh{W) 



ShiV) 





Sh{W) 



Sh{V) 



The parallelogram in diagram ()B.2.3|1 equals to the parallelogram in the right diagram above since 
the embedding h\{\K)^ ^ > {l^^)*f\ can be presented as a composition of two embeddings 



Indeed, all these functors are subfunctors of /i*A*/t* = fi^u^f^. 

From equation ()B.2.2|) for sheaves we deduce it for derived functors. 



□ 



B.2.2. Proposition. Let f : X U, g : Y ^ V and h : Z ^ W be G-equivariant, H-equivariant 



and K-equivariant maps of algebraic varieties. Let X 



Y 



Z and U 



V 



W be 



G 



H 



K-equivariant. Assume that squares 1 and 2 of commutative diagram ()B.2.H1 are 



pull-back squares. Then the following equation holds 



v jj, n\ > V g\X > j\K A 

ifiu)*hi > fiiXn)* 
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/! 



D'^{X) 



{\k)* 



-lb,' 



Proof. The statement reduces to equality between the following two isomorphisms: 



b,c I 



(Ak 




L'''"(Res(z/, /i; 0, i)) ^ T) ^ D'''"(Res(/ii/; ^0) -> T) 



D'''"(Res(/i, V-) ^ 



D'''=(Res(K, A; 0, V) ^ ^ D'''^(Res(AK; z^0) ^ T) * 



D'''=(Res(z/, /i 




,es(A, 0) ^ T) 4 




D''%Res{n, ijj) T) 



Substituting definitions of isomorphisms (3 from Section Pi . 2 . 71 and similar, we see that the equation 
between the above isomorphisms follows from Lemma IB.2.H that is, from the non-equivariant 
version. □ 



Appendix C. Distinguished triangles and octahedrons 
C.l. Standard distinguished triangles. 

Let us consider a closed G-invariant subspace i : X ^ > Y with the complement S = Y — X, 

j : 5* > Y. Let P — *^ F be a resolution of Y. As explained in resolutions of X of the form 

X Xy P X taken from the pull-back square 



X XyP 



J 



X 



X 



Y 
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suffice to determine an object of D'^q{X) up to an isomorphism. Therefore, the functor id* is 
canonically isomorphic to the functor 

[P ^ K{P)] ^ [P ^ lj*{K{P))] 

Similarly for 

There is a distinguished triangle in D^q(Y) j2] 



K 



i\i*K 



given by a collection of standard distinguished triangles [T] 



-jX{KP) ^KP^ U*{KP) 



for P G Res(y, G). The canonically isomorphic to it distinguished triangle in Dq^{Y) is denoted 

j\j K > K ^ i\i K >■ 



C.2. Standard octahedron associated with a triple of spaces. 

Suppose that X C Z C Y are closed embeddings of stratified subspaces of some stratified space 
and S = Y — X,Q = Z — X,R = Y — Z. With a closed embedding i and the complementary 
embedding j is associated a standard triangle P in D{X) 

j\j K > K > i\i K > 

Denote by iyz, ^yx, izx, isQ the closed embeddings and Jry, Jqz, Jsy, Jry the open ones. Add 
corresponding indices to the triangle maps a, b, c. 

C.2.1. Proposition. The obvious identiGcation of vertices makes the following diagram in D{Y) 
into an octahedron 



jRY\j*RYK 



^YZ\jQZ\jQzi*YzK 
3SY\3RS\3*RsfsYK 



JSY'.C 



jsY\isQ\i*SQjsYK 




lYXliyxK 
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TjsY\iRS\i*RsfsYK — > T]ry\3*RyK 



]SY\C 



QR 




jsYdsQifsqfsY^ —Z* iYZ\jQZ\j*Qzi*YzK 



iYZ^YzK 



K 



I'YZX 



iYZ\izx\i*zx'^*YzK ^ iYXliyx^ 



3RY\fRYK 



K 



3sy\3rs\3rs3syJ^ — '■ — ^ 3sy\3sy^ 



T3sy\3*syK 




TjsY\isQ\'i*sQ3*SYK 4 



TiYZ\3QZ\3*QziYzK 



lYZ\C' 



XQ 



iYxiiyx^ 
iYZ\izx\i*zx^YZ^ 



iYZ^YZ^ 



iYZ\izx\i*zxiYZ^ 
5 



iYxiivx^ 



YX-' 

.xs 



TJryUryK ^— ^ TjsY\3RS\3'Rs3*SYK ^^-^—-^ TjsYlfsY^ 



3sy\3*syK 

jSY'.b^'^ 



K 



3SY\isQ\i*SQ3*SYK ^ iYZ\3QZ\3*QZ^*YzK > «yz!«yz-^ 



QZ 
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Proof. This octahedron in a derived category of sheaves follows jT] from the commutative diagram 
with exact lines in the abelian category of sheaves. 







(C.2.1) 



Here fcgy : Q ^ > Y denotes the embedding. The ambiguous north-north-east line is isomorphic 

to the exact sequence 



jsY\jRS\j*RsfsY^ JSYUsY^ 



hY\isQ\i*SQ3*SY^ 0. 



The ambiguous south-south-east line is isomorphic to the exact sequence 

Qz ■ i,zx 

iYZ\3QZ\3QziYZ^ ^ iYZ\iYz^ ^ iYZ\izx\izx^YZ^ 0- 

This shows exactness of the lines of the diagram. It remains to show commutativity of the two 
triangles and the quadrangle. 

Together with a hidden isomorphism the left triangle is square 3: 

jSY'.0-^*j: 

3SY\3BS\3*RsfsY^ 3SY\3*SY^ 



3ry\3*ry^ 



riSY 



Recall that for any sheaf JF on F = SUX we have 3sy\Tsy-^ = = (-^15) ^"^^ t-yxi^yx-^ — -^x = 
(JFI the sheaves extended by from 5* (resp. from X). The embedding : 3sy\3*sy-^ ~^ 



is the embedding of espaces etales Ts ^ ^ J^- Therefore, ()C.2|) states simply that the triangle of 

embeddings 
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is commutative, which is obvious. 

Similarly, the right triangle of diagram ()C2.1|) is square 4. 



Since the surjection 6^"^ : T — > iyx^^yx-^ interpreted as the projection T 
etales, the commutativity of this square reduces to commutativity of 

Tz 



-t> Tx of espaces 



X 



which is obvious. 

The quadrangle in diagram ()C.2.1|) is hexagon 6. 



jsYl'isQl'i*SQj*SY^ kQY\k*QY^ '>'YZ\jQZljQz'i*YZ^ 



jsYi.b' 



SQ 



jsY\j*SY^ 



-,SY 



QZ 



iYZl^YZ^ 



Due to identifications 

jsY\isQ\i*SQfsY^ = ii^lgfY = (^Iq^ = = ^QY^XgyJ^, 

iYZ\3QZ\fQzi*YZ^ = ((-^Iq)^)^ = (-^Iq)^ = ^Q = kQYlk*QY^ 



this hexagon is in fact the square 



To"- 



Considering mappings of stalks of these sheaves at a point of Y we deduce commutativity of this 
square. □ 

C.2.2. Corollary. The octahedron of PropositAon \rj.2.1\ holds true in G-equivariant case. 

Proof. The octahedron for closed G-subspaces X (Z Z (Z Y in Dg{Y) follows from that for closed 



subspaces X Xy P C Z Xy P C P, where P is a G-resolution of Y, see Section FC II 



□ 
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